Particle Trajectories in Mcdel Current Sheets,

Part I: Analytical Solutions
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Abstract. Approximate analytical sdlutions are found for two
model current sheets. In the first the magnetic field is linear and
reverses across a neutral sheet, and the electric field is everywhere
uniform, perpendicular to the magnetic field and parallel to the neutral
sheet. Charged particles of either sign never come out of the neutral
sheet and their energies increase without bound. In the second model a
small component of the magnetic field perpendicular to the neutral sheet
is added. This component not only serves to bring particles out of the

sheet, but turns protons and electrons toward the same direction, 900 awvey

from the accelerating electric field. The particles are accelerated and
then ejected when they have been turned 900, and The emergent pitch angles

to a magnetic line of force will be small if the perpendicular magnetic

field component is small. &}Lﬁyu

Introduction. Ness [1964] has reported the discovery of a magnetically

neutral sheet in the earth's geomagnetic tail, with measurements teken on
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board the IMP-7 satellite. A somewhat uniform magnetic field of about
20 vy (1y =10° gauss = 107 ° weber/mz):is found from about 10 Re (earth-
radii) to at least 30 Re in the anti-solar direction. This field .s
predominantly in the solar direction above a plane (roughly identified
as the magnetic equatorial plane), and in the anti-solar direction below
this plane. The magnetic field reverses across a sheet of thickness
about 0.1 R, and goes to zero within this neutral sheet,

Other néutral-, or more generally current-, sheets may occur in
other sztuations, such as a day-side magnetospheric current sheet,
neutral sheets occuring in interplanetary space, neutral sheets associated
with solar flares, etc.

It is of interest to look at charged particle trajectories about
such sheets. Adiabatic theory cannot be used across such a neutral sheet,
because the magnetic field changes significantly in distances much less
than a gyroradius. The charged particle equations of motion must there-
fore be either solved analytically, or computed numerically.
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current sheets. Part II[Speiser,1965] applies these results to a
magnetospheric tail model and elso discusses numerical results.

A simple linear model

The simplest model for the fields about a neutral sheet which can

be discussed analytically is:



EJ: - a éz (2)

where b is the strength of the magnetic field when x = d, the sheet half-
thickness, and a is the strength of the electric field. The physical
significance of such an electric field will be discussed in Part II
[Sgeiser71965]. This field will merely be assumed for the present
treatment.

The co-ordinate system being used is sketched in Figure 1. The
above magnetic and electric fields are also indicated in Figure 1.

The equations of motion for a particle in the neutral sheet, using

these fields are

X =Cy 2 x (3)
y =0 (4)
z=-C, -Cy xx ) (5)
q b q
where C, = — — , and C, = — a. Mks units are used.
o m d 3 m

Speiser [1964, (a), (b)] has given the solution to these equations
for large time. (See Appendix A.) The result is that the particle
executes a damped oscillation about x = 0 (the amplitude going as
1/t1/4), while accelerating in the +éz direction for electrons and the
-ézdirection for protons. This can be u?derStood as follows. The

electric field in equation (5) accelerates a proton in the -&,

AN




direction. 2z then becomes proportional to ~t ignoring the term -C, xx

for the moment. Equation (3) then becomes
?

2
where k = C, ‘,él’ork=<i>" ?_Et-
m d

Equation (6) is just the equation for oscillatory motion, with
spring constant k. k gets larger with time, however, implying that the
spring gets stiffer with time, thus the amplitude of oscillation decays.

The term -C;x % in equation (5) is thus oscillatory and approaches
zero, justifying its neglect but the term is not neglected initially
in Appendix A. k is proportional to qz, so particles of either sign
will oscillate.

The oscillation in x(t) is due to the‘x x B, force which is always
toward x = O for x either positive or negative, because of the reversal
of the magnetic field.

The net result of this simple model is that charged particles of
either sign never come out of the neutral sheet, and their energy in-
creases without bound. See Figure 2 for a sketch of the results of

this simple model.

The linear model with small perpendicular field added. Consider

now the addition of a small magnetic field component perpendicular
to the neutral sheet, i.e., in the + éx direction referring to the
co-ordinate system of Figure 1. The magnetic field of equation (1)

now becomes:

(6)
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where T will be assumed small.

The equations of motion become:

3&=C1Xé

CTz

et
il

.Z'Z-C3-C1X>.{-C2'ﬂ}'l

where C; = (q/m) (b/d), Cz = (q/m) b, C3 = (.q/m)a, C, and C3 being
the same &s for the simple model. When T = O, the simple model results.

Even without solving these equations, the particle motion can be
understood qualitatively as was done for the simple model.

Consider a proton (the arguments also hold for electrons with
appropriate changes in sign) incident on this neutral sheet with small
velocity. (Strictly speaking, the sheet is not now a neutral sheet.)
The proton will be accelerated initially in the negative z direction
(see Equation (10)), gaining a velocity, %z, proportional to -t as for
the simple model. lFrom Equation (9), there will then be an acceleration
in the -y direction proportional to z or -t, and thus y will be propor-
tional to -t*°. (Note that ¥ o C; C3 « (q/m)z, so either protons or
electrons are turned toward the -éy direction.)

As long as z is negative, Equation (8) will imply oscillatory
motion in x(t) by the same arguments in the previous section on the

simple model. Thus, as long as Zz is negative, the term -C; x X in

(7)

(8)

(9)

(10)



Equation (TO) is oscillatory and will be assumed small as a first order
approximation. The oscillations may now be either damped or growing
depending on whether Z increases or decreases with time. The last term

? so that z will grow negatively unti! 2

in Equation (10) grows as + t
goes to zero, and z will then diminish in absolute value going to zero
and even becoming positive after some time. Thus x(t) will execute
damped oscillatory motion until Z = 0 (the spring gets stiffer). After

% becomes positive and until z = O, x(t) will execute growing oscillatory
motion. After z goes positive, however, x(t) will no longer oscillate
but will increase exponentially, thus ejecting the particle from the

neutral sheet. See Figure 3 for a sketch of the particle trajectories

in this model.

Results of the approximate theory. The detailed calcuiations are

contained in Appendix B, to which the following aiphabetic ecuation
indices refer. First integrals of the equations of motion (Equations
(8), (9) and (10)) are obtained exactly (Equations (i), (j) and (n)).
A first approximation is used to obtain the time of ejection, 7, which
turns out to be inversely proportional to T b (q/m), (Equation (s)).
Electrons are therefore ejected from the neutral sheet much sooner

than protons. The velocity in the -é&,, direction at the time of ejection

y
is found to be independent of (g/m), (Equation (w)), and the maxinmum
pitch angle of the emergent particles (Equation (z)) is proportional
to T, and to |%xo/u - c¢|, where u is the bulk flow velocity exterior

to the neutral sheet, and ¢ is a number which is not very cifferent

from 1. This result implies that ¢ = O for T = 0, whica means that



would never come out of the neutral sheet if the small
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"ield were not added. This agrees with the result of the

simple model, and implies that ¢ will be small if 1) is small. Since ¢ is

also proporticnal to ]io/u - c], particles incident on the current sheet

with X &~ u will all emerge with pitch angles close to zero.

(1965) suggested that the electric field can be transformed

away in this model. Calculatiorsusing such a transformation are made in
Apperndix C. The particle motion in the moving (transformed) system 1s

easily visualized, since only a magnetic field is involved. The perperdicular
magnetic field component causes g circular drift in the current sheet while

the x-cocrdinate is oscillating due to the magnetic field reversal (B )i
¥y

(See, for example Eguations (ac), {ak), ard (al).) The ejection time is

-
C.

seen to be Just a half-period of the circular drift (Equ“tion (am)) and
corresponds closely to the approximate result in Appendix B.

The particle energy in the transformsd system is a constant, with the
initial velocity given by the transformation velocity (in the simple case

where the initial velocities are approximately zero in the stationary system) .

[t

e

It is therefore apparent that protons and electrons will be ejected with the
same velocity, a result which was found before (Appendix B) only for the

first and second approximations.

An oscillation frequency about the neutral sheet is found approximately,

+
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\Icuetion (2p)) and the number of oscillations before ejection is determined
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)) . It is seen that this number is proportional to the squere

uation
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roct of the mass, so electrons will execute about 1/40th the znumber of

proton oscillations before ejectiom.
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Two models of possible curr sheets are considered, and

approximate analytical results of charged particle trajectories about
these sheets are found.

n the simplest model, where the magnetic field varies linearly
across a neutral sheet, and there 15 an electric field perpendicular to
the megnetic fieid and parallel to the current sheet, charged particles of
either sign execute damped oscillaticns sbout the sheet, accelerating

along the sheet. Thus for this simple model, particles never comz out of
the sheet and their energies go to infinity.

4 new model is construcited by addingz a small component of the
ragretic field perpendicular to the sheet. The addition of this swall
component not only turns both protons and electrons toward the same
direction 90° away from the accelerzting electric field, but serves to
eject the particles from the sheet. Protons and electrons are thus
accelerated and are then ejected with the sawe velocity, the electrons

-

being turned much faster and being ejected socner than the protons.

The pitch angle of ejected particles about & line of force is pro-
porticnal to the size of the small perpendicular component ¢f megnetic
field. Thus, 1f this component is small, 2ll perticles will be ejected
nearly élong lines of force.

The energy goined is inversely proportional to the sguare of the

perpendicular component of magretic field. (See Equation (w)). Therefore,

3
o
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in egreement with the simple model, the energies go to infinity when thi
cowponeny 1s zero. Morcover the energies of the ejected particles can be

lerge if this component is small.
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Appencix A. The first integrals of Equations(3) and (5) are:
g
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and

(&% + 2%) +Coz =5 (%] +20) +Cy 2 (b)
Equation (b) is just the equation of conservation of energy. The zero
subscripted values refer to initial values. Equation (3) beccmes,
using (a):

¥X=-0C, x <;éo + = C, (%% - x

)+ C3t> (c)
For large enough time, the quantity in parenthesis on the right hand

side of Equation (c¢) will be positive and monotonically increasing

¢). Thus for large time

implying oscillatory, bounded motion in x

Equation (c) is approximately:
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and Z, 1is a linear combination of Bessel Functions of the First and
s

Second Kinds, of order one-third. Approximating (e) for large time,

(Jahnke and Emde, 1945, pp. 138],
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A and B are constants depending on the initial values.
z(t) may be obtained as a function of time by integrating Equation (a):

z(t)z-(;)é’g‘i’%-(io Q\(d> XO\t‘LZO <g>

m _AJ

+ smaller oscillatory terms,

From (f), after large time the amplitude of oscillation decays as
T/tlé and from (g) and (b) it is seen that the kinetic energy increases

ol
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as t

Appendix B. First integrals of Equations (8), (9), and (10) are

easilyzobtained. They are:
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B (x° - xo) = ~C3(z - zo) -5 (z= - zo) -Ca Jo y z dt (h)
vy - ye =G, il (z - Zo) (1)
C] 2 2 ’
(z - zo) = - CBt ) (x° - xo) C, 0 (y - y0> L3



Equation (j) becomes, on another integration:

where

Using Equation (k) with Equation (i), we have:

t ¢
;o= v A -C 2 . - S S
v o=, + T}(Cjt #Cge - €, [ iae - cin [ yac )
where
C2C3 c,C,
€5 =72 Co= G0, G =3

. .2
y< - 95
So that Equation (h) becomes the energy integral:
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Using Equation (j), Equation (8) becomes:
X = 'k(t’ X, ¥> 'ﬂ) X

where

k(e, =, y, 7) =C,t + 5=+ C, Ty + C,
and
waz
Cq = - 5 - Cy MYy - 20 =-C,
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k goes to zero when

—— o T Ul Q\-—‘a—
C3 \ 2 'C2 iy TCS //—'l (q)

+ is therefore the critical time when k goes to zero and then becomes

negative ejecting the particle. (Z becomes positive.)

Loproximations.

pullolteg

Integrating Equation (1), we obtain:

Cétz n C.t
- -
= + Yot + - (r
Y yO Yo o 3 )
oo . 2 . C ‘ W ,
where the integral over x° in (1) is assumec small since x(t) is

oscillating, and tne
also be neglected in

the critical time of

yO:SIO_—.O'anGZO:

Equations

I
0

integral over y in (1) is multiplied by Mm%, so will

-

cthis first approximction. o facilitate finding
ejection T, isitial conditions are chosen such that

-C x°/2, whizch implies that C4 =C¢ = Cg = 0. Using
1 ¢

q) and (r) with these initial conditions, T becomes:

T o= . Q-\ (S>
T" —
l(m)b
TCst?
y(5) = - —— (2)
y(t) = - 1C5t° (u)



At t = T, Equations (t) and (u) become:

and

4
¥

Thus, in this first approximatiocn, the ejection velocity is inde-
pendent of (a/m) because electrons are ejected must sooner than protons.
(As the next approximation, if y(t) from Equation (t) is used in the
integral over y from Ecuation (k) it is found that T is increased by

-
/
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about 30%, 1y \ls decreased by about 50%, and the ejection velocity
is still independent of (q/m). The first cgoproximaciocn should therefore

give the right order of magnitude.)

Piteh angle distributions of emergent

In order to calcu-

tate the pitch angle of an emergent particic, ve& must estimate the maxi-

num varue x can have at the time of ejecticn. Since x(“, osciLilite.
tntil £ = T, it is reasonable to assume thet X o ~ Ky . Using this
h max
essumption and Equation (w) with gquation (7, for cthe mag._cic field
tith x = d, we have:
24
za
V=x%.¢e =~ =——28&
~ > x Tbo Ty

-

and the cosine of the pitch angle ¢, becomes:

o
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(2 any{Fe - 3,
cCos @ = b—v—— = = 1;1/
20

wiere u = a/b, the bulk flow velocity cxterior to the neutral sheet, and
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only terms of order M are kept. For small o, cos oy~ 1 - «&/2, 50

—~
”
~

—~
o
N~



(z)

proyvination mentioaed aodove.

el
o’
(0]
p bl
6]
Q
L]
[}
o
w
[}
joN;
c!
(o]
Ul
S~
o
o’
2
ct
o)
D
0n
[}
(@]
O
3
o))
*d
3

Tnis is mossible for the present umolel veczuse of the form of the sislds

azd tecause Bx (Equation (7}) is a constant. If the transforzation velocity
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then the fields become in the transforized systen:
=z = 0
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The cousbions of motion corresvonding to Equations (83), (9), end (10)
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If we borrow the nrevious result that the x co-ordinate ocscillaies
wtil v = ¢, then the term -C x'%' in Fouation (ae) will be assumed szall

s

inftiszlly. Ecuations (ad) and (ae) then beccoze:
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